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Abstract
We employ tools from the field of symbolic computation for the construction of new classes
of combinatorial designs, in particular complementary sequences and orthogonal designs. Com-
binatorial designs are used in a variety of applications ranging from statistics to coding theory
and from telecommunications to software testing.
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1 Introduction

Orthogonal designs (ODs) are square matrices with entries in the field of quotients of the integral
domain Z[a, as, ..., as] with certain orthogonality properties while complementary sequences are
tuples of sequences with zero autocorrelation function and elements from the same domain as the
orthogonal designs. Orthogonal designs have numerous applications in Statistics, Telecommunica-
tions, Coding Theory and Cryptography, see [2, 6, 7]. An OD of order n and type (¢1,ta,...,t¢)
denoted OD(n;ty,ta,...,t;) in the commuting variables a,as,...,as, is a square matrix D of
order n with entries from the set {0, +ay, +as,...,+a,} satisfying DDT = Zle(tiaf)fm where
I, is the identity matrix of order n.

Our approach is twofold; firstly we develop an algebraic framework that models properties
of complementary sequences. In this manner, we can apply tools from symbolic computation,
i.e., Grobner bases, to algorithmically treat complementary sequences. Our goal is to obtain an
effective (algorithmic) version of the reverse of the celebrated Equating/Killing Lemma in the
theory of orthogonal designs.

Lemma 1 (Equating and Killing Lemma [2]). If D is an orthogonal design OD(n;ty,ta,. .., t¢)

in the commuting variables {0, £a1, £as,...,xae}, then there exist orthogonal designs:
(i) OD(n;t1,te, ..., ti+t;,...,t0) (@i = a;) (Equating)
(i) OD(n;ty,ta, ... tj—1,tj41,...,te) (a; =0) (Killing)
on the w — 1 commuting variables {0, tay, £asg, ..., +£aj_1,*a;41,...,+ae}.

Sequences of zero autocorrelation give rise to ODs, for more details see [2, 6, 7]. In this work,
we focus on the level of complementary sequences instead of ODs. In particular, given a set

of complementary sequences of type (t1,%2,...,t¢), we investigate how to compute a new set of
complementary sequences of type (t1,%2,...,ti—1,a,b,t;41,...,t;) and another set of complemen-
tary sequences of type (t1,ta,...,ts, ter1) (if possible, otherwise decide it is impossible). In the

aftermath, these sets of sequences can be used in suitable arrays to generate the desired ODs.
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2 Complementary Sequences

2.1 Notation

Let A= {ay,as,...,a;} be aset of £ variables. We denote by S the set of sequences of length n
containing elements from {+ay, +as,...,+a;} U {0}. Given k sequences S; € SA4™ for i € [k], we
define the k-tuple T" to be the sequence T' = (S;),¢ (), where [k] = {1,..., k}. The set of all k-tuples
containing sequences from S4" is denoted by ’H‘Z’Z. We note that the names of the variables are

not essential, thus for denoting ’]I‘Z’e, { is sufficient and A is not needed.
Given a sequence S we denote by [S], the number of occurrences of +a in S. We extend the
definition for tuples in a natural way, as follows. For T € TI‘Z’Z, we have

k
[T): = > 1S5,

Jj=1

Definition 2 (Type). Given a tuple T € ']TZ’K with elements from {a1,az,...,ae}, we define its
type, denoted T(T), to be (t1,ta, ..., ts) if t; = [T]a, fori € [{].

2.2 Autocorrelation Function

Let T € ’]I‘Z’l, then we define the non-periodic autocorrelation function NPAFr(s) (abbreviated as
NPAF) of T as

k n—s

NPAF7(s) = > >SS, (1)

j=1i=1

for s =0,1,...,n — 1 and the periodic autocorrelation function PAFr(s) (abbreviated as PAF) of
T, is defined, reducing 7 + s modulo n, as

PAF7(s) = )

j=14

n
SjiSji-l—s (2)
=1
fors=0,1,...,n—1.
It is clear that PAFr(s) = NPAFr(s) + NPAFr(n — s), for s = 1,...,n — 1. Therefore, if
NPAFp(s) =0forall s=1,...,n — 1, then PAFr(s) =0 for all s =1,...,n — 1. But, PAF7(s)
may equal zero for all s =1,...,n — 1, even if the NPAF(s) are not.

Definition 3. Let T € ']I‘Z’Z with T(T) = (t1,ta,...,ts). We say that T is k—PAF (n;t1,ta,..., 1)
(resp. k — NPAF(n;t1,ta,...,¢) if T has zero PAF (resp. NPAF), i.e, PAFp(s) = 0 (resp.
NPAF7(s) =0) fors=1,...,n—1.

Remark 4. Recall that the k-tuple T € TZ’Z was defined as a tuple of sequences S; € S4™
for i € [k]. When the assumptions of definition 3 hold, we say that the k-tuple T is a tuple of
complementary sequences.

For more details on complementary sequences and their application in the construction of ODs
we refer the interested reader to [2, 3, 4, 7].

In order to unify notation and since the distinction is not essential for the rest of the model, we
will use AF7 to denote the autocorrelation function (AF) of a tuple T, irrelevant of whether it is
the non-periodic or the periodic one. When needed, the distinction will be made clear by context.

Let T € ']I‘Z’E, then

AFr(s) = Z SjiSjiJrs (3)
j=1i=1
for s =0,1,...,n — 1. As already mentioned we are interested only in the two possible types of

AF defined previously, namely the non-periodic AF where p =n — s (c.f. Eq. 1) and the periodic
AF where p =n and ¢ + s is computed modulo n (c.f. Eq. 2).

Finally, we would like to mention that this work is an extension of our previous approach to
provide an algebraic framework for complementary sequences [5].
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3 An Algebraic Model for Complementary Sequences

The goal of this section is to develop an algebraic framework for the manipulation of complementary
sequences. The three problems we consider are SPLIT, FILL and EXPAND, where SPLIT is the reverse
of Equating while FILL and EXPAND are the reverse of Killing. Given a tuple T € TZ’Z with

T = (t1,ta,...,tr), we will construct three algebraic systems Sy, Sy and S, whose solutions give
rise to tuples in ']I‘Z’g with types:
SPLIT FILL EXPAND
(t1, .y tict, bt —H it ... tp) (t1,toy .ty tirn, ..o te) (t1,to, ... ti + 4.0 tp)
for some t € [t; — 1] for some t € {kn - Zle tiw for some t € {kn - Zle tiw
The first step is to introduce new variables x; and substitute accordingly in the tuple:
SPLIT FILL EXPAND
x; for ¢ € [t;] and substitute the x; for i € [kjn - Zle t,} and x; fori € [kn - Zle tl} and
J-th occurence of a; by z; substitute the j-th 0 by z; substitute the j-th 0 by x;

Now we have a tuple of sequences where each position that is candidate to change is assigned
to a new variable. We denote by m the number of new variables (this varies depending on the
problem). We denote this tuple by 7”7 and note that this tuple no longer belongs to ']I‘Z’Z7 but
in TZ’Hm. In order to construct an algebraic model we need to express autocorrelation relations
and the type of a tuple algebraically. Moreover, the variables should be bounded and discrete.
Although structurally the algebraic systems are the same for all three problems, at each step, the
polynomials added in the system are slightly different. Let R = Q[aq, as,...,as, 1,22, ...,Zm] be
the polynomial ring in ¢ + m variables over the field of rational numbers.

Zero autocorrelation In order to encode autocorrelation algebraically, we observe that the
expression for the autocorrelation function is already a polynomial one. It is clear that AF7 (s) € R
for s =0,1,...,n— 1, i.e., AFp/ (s) is a polynomial in the variables a1, as, ..., as, @1, T2, ..., Ty.
The algebraic conditions for the new tuple, where in the position of x; we put the value indicated
by the root of the system, being a k-AF tuple is that these polynomials are zero.

Bounded Discrete Variables By bounded discrete variable, we mean a variable that takes
values from a finite subset of the integers. We need to restrict the solutions of the algebraic
systems to take particular values in order to use the solutions to construct new tuples with the
desired types. It is easy to see that for f; € K[z, za, ..., x| we have V({f1, fo, ..., f&)) N M™ =
V({f1, for- - fas 01,02, ..., b)), where by = [ ], c (7 —) and M is a finite subset of the algebraic
closure of K.

It is exactly these polynomials b; that we need to add to the respective algebraic systems for
each of the problems, depending on what set we want the solutions to be restricted in.

SPLIT FILL EXPAND
b=ai-1 b= (22 - 1) b= i (a2 - a?)
x; € {:l:l,:l:l} x; € {O,il} x; € {O,:I:a}

The choice for these values is justified since for SPLIT we want to introduce two new (signed)
symbols in the tuple, for FILL we want to introduce one new (signed) symbol but we should allow
for zeros to remain zeros and for EXPAND we want to introduce no new symbol, but use the existing
one that is being expanded and allow for possible zeros.

Type Conditions We need conditions that force a certain type for the new tuple. For this we
use two polynomials, one relating the x; variables to the variable x; and one that forces x; to take
discrete values in a feasible range {1,2,..., B}.

For SPLIT we have that a variable a can be split into two variables of type z; and [T], — x; for

1<x < {%J For FILL and EXPAND we have that a variable (new or existing respectively) can

replace up to kn — Zle t; zeros. Thus the type conditions consist of two polynomials as follows:

SPLIT FILL EXPAND
B— {@J B=kn—-Y"'_t; B=kn—Y_t
Ty =1, (2 — ) Ty =1, (2 — 1) T =17, (2 —1)
T =
. mo 9\ — mox2) — 2
T = (XL o) —m+ 2m Bo= () —w (i 2f) —a? (T, + )
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The algebraic system According to the discussion above, we have that the three algebraic
systems S, Sy and S, are as follows:

SPLIT FILL EXPAND
S =
Sy = Sp = e
s AFr (s),s € [n
AF7 (s) for s € [n] AFq (s) for s € [n] B x@jg z % [i }e -
B; = x} —1,i € [m] B, =x; (22 — 1) ,i € [m] sz—HZB (x’_i)
T] :’mHZB;% (-’I;t — Z) T1 = HzB;l (ZCt — Z) T2 1: (’Lilm txz) a
TQ = (Zi:l .’El) —-m + 21'15 T2 = (Z:il x?) — Xt a2 ([5?/}1 f'_ xt)

Retrieving the solutions The algebraic systems Sy, Sy and S, provide us with solutions to the
three problems at hand. The last step we need to take is to interpret a root of the system and
connect it to a new tuple of complementary sequences. Assume that o = (a1, as, ..., ) is such
a root of the respective algebraic system. Then we create a new tuple making substitutions in 7"
as follows:

SPLIT FILL EXPAND
if ;j =1 then z; = a . .
. if a; =0 then z; =0 if a; =0 then 2; =0
if a; = —1 then x; = —a . .
. . if a; = 1 then x; = if ; = a then z; = a
if o =i then z; = if o = —1 then z; = —a if o = —a then z; = —a
if j = —% then 2; = b v v v v

We note that since the solution set is zero dimensional (finite number of possible values for
a finite number of variables). This means that the reduced Grobner Basis for a lexicographic
(elimination) order will have a triangular form [1].

It is important to mention that the variables a; appear in the algebraic system we constructed.
Nevertheless, due to the independence of the solutions with respect to the variables z; from the
variables a;, we can project by choosing random values for the variables a;. There is a finite set of
evaluations of the variables a; that affects the projected variety of the algebraic system. Since we
treat the variables a; as parameters, we are not interested in these evaluations. In other words, by
substituting the variables a; by random values from an infinite set, the part of the solutions of the
system that corresponds to the variables z; remains unchanged with probability 1.

Examples Given a tuple T' we apply the algorithm described above to construct an algebraic
system, find a solution to the system and interpret accordingly to construct a new tuple of the

desired type:
SPLIT
T= (av b7 a)l(a7 bv _a)l(b7 —a, b)l(b7 d» _b)

T ((a, b, a)|(a, b, —a)|(b, —a, b)|(b, d, —b)) = (1,5, 6)
T = (Z‘l,b,$2)|(1‘3,b,$4)|(b, $57b)|(b7 d7 _b)
bxx1+bsxxog+bxaxz+bxxrsg+2+bxws,

T1 * T2 + T3 * T4,
:1:‘1l -1, m% —1,
.Z‘g -1, :ci -1,

x‘é -1,

x? —3*xxt + 2,
z%+m§+x§+z§+w§+2*mt—5
Solution: a = (¢,—1,—1,—14,1) and z; = 2
Substitution: (z1,z2,x3,z4,25) = (a, —¢, —¢, —a, c)
New tuple: (a,b, —c)|(—c,b, —a)|(b, c, b)|(b, d, —b)
T((Cb,b, 70)'(767 b7 7G’)|(b7 C, b)'(b7 d7 7b)) = (17273’ 6)

FILL
T = (Oa b7 0)|(Oa b7 0)|(b707b)|(b7 d7 _b)
T((07 b: 0)|(07 b: 0)|(b,0,b)|(b, d: 7b)) = (176)
T = (J?l,b, IQ)‘(J’.B?bv 1‘4)‘([77 I51b)‘(b7 d1 _b)
bxxy +bxxo+bkxzz+bxxg+2%bx*xs,
X1 * T + T3 * T4,

(x% —1) % a1, (x% —1) %z,

(3 — 1) * z3, (2 — 1) x 24,

(z2 — 1) * x5,
zg—15*x§+85*x§—225*x§+274*xt—120,
x%—l—w%—l—z%—&—mi—i—mg—xt
Solution: e = (1,1,1,—-1,—1) and 2t =5

EXPAND
T = (0,b,0)|(0,b,0)|(b,0,b)|(b, d, —b)
T ((0,5,0)[(0,b,0)[(5, 0, )| (b, d, ~b)) = (1,6)
T = (wl,b,x2)|(w3,b,x4)|(b,x5,b)|(b,d, _b)
bxx)+bxaxog+bxxz+bxxg+ 2%bx*xs,
T * T2 + T3 * T4,
(z1 — d)(z1 + d)z1, (22 — d) (2 + d)22,
(333 — d)(mg + d)xg, (1}4 — d)(z4 + d)m4,
(:l?5 — d)(335 + d):ts, d? - 1,

2P — 15 % 2} + 85+ 3} — 225 * 27 + 274 + x4 — 120,

x%+z§+x§+wﬁ+mg — Tt
Solution: a = (1,1,1,—1,—1) and 2zt =5

Substitution: (z1,z2,23,z4,25) = (a,a,a, —a, —a)
New tuple: (a,b,a)|(a,b, —a)|(b, —a, b)|(b, d, —b)
T ((a,b,a)|(a, b, —a)|(b, —a, b)|(b, d, —b)) = (1,5, 6)

Substitution: (z1,z2,x3,z4,25) = (d,d,d, —d, —d)
New tuple: (d,b,d)|(d,b, —d)|(b, —d, b)|(b,d, —b)
T((dv b7 d)‘(dv b7 7d)|(b7 7d7 b)‘(bv d7 7b)) = (67 6)
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4 Conclusion

In this paper, we dealt with the problem of constructing new tuples of complementary sequences
from a given tuple of complementary sequences on ¢ variables, providing an algorithmic version of
the reverse of the Equating-Killing Lemma.

We describe the construction of three algebraic systems, solving the three problems that reverse
the Equating-Killing Lemma, namely SPLIT, FILL, EXPAND. This construction is algorithmic and
thus, if combined with the use of Grobner bases, it provides a fully algorithmic framework for the
computation of new tuples of complementary sequences.

We employ Grobner bases, in order to get a convenient description of the ideal of the (zero
dimensional) variety we are interested in. The variety provides full information concerning the
possible ways to SPLIT a variable, FILL the zeros or EXPAND a variable in a given k-tuple T of
complementary sequences.

Our goal is to provide an algebraic model for complementary sequences which can be used to
generate orthogonal designs. Conditioned that the algorithmic implementations of the proposed
framework retrieve the desired properties for complementary sequences, our next step is to model
the statistical properties of orthogonal designs (orthogonality, interactions) again in terms of com-
plementary sequences. This statistical modelling of complementary sequences together with the
algorithmic implementations of SPLIT, FILL, EXPAND, will be further explored in future work.
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